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In the present paper, static bending problem of the electroelasticity for an inhomogeneous cylinder of ﬁnite length with
sliding ﬁxed end-supports is investigated. The given boundary value problem is reduced to a system of 12 k (k = 1,2, . . .)
integro-diﬀerential equations. Expressions for the components characterizing the state of stress for the inhomogeneous cyl-
inder are presented. Based on the developed analytical algorithm, extensive numerical investigations associated with the
stress analysis of an inhomogeneous piezoceramic cylinder have been conducted. The results of these investigations are
illustrated graphically, demonstrating the stress distributions in piezoceramic circular and elliptical cylinders with inclu-
sions of various geometries.
 2007 Elsevier Ltd. All rights reserved.
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The continuing interest in the application of piezoceramic materials gives rise to further fundamental study
of the governing laws for static deformation of structural elements made of these materials. Among structural
elements made of piezoceramics in modern mechanical engineering, ﬁnite-length cylinders are most common.
The cylinders can be solid or hollow, and homogeneous or inhomogeneous. In axial transducers (transducers
of acceleration, pressure, detonation, etc.), discs, rings, cylinders, and plates are used as piezoelements. High-
voltage piezoceramic transducers can be modeled as a plate, cylinder, washer, or ring. Thus, there is a need for
the development of algorithms associated with the analysis of electroelastic state of structural elements of this
type.
The state of stress for isotropic layers weakened by through-thickness tunnel-type cuts with sliding ﬁxed sup-
ports on their sides (symmetric case) was studied by Bulanov and Shaldyrvan (1984) by using Vorovich’s semi-
inverse method. Amixed skew-symmetric elasticity problem for a layer weakened by two through-thickness cuts0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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(1995) reported the solution of the problem of bending of an isotropic layer weakened by through-thickness non-
circular cuts. Grinchenko et al. (1989) considered a number of problems of electroelasticity for a layer having
various boundary conditions on its bases. Grigorenko and Rozhok (2002) investigated the state of stress of hol-
low cylinders of ﬁnite length. Fil’shtinskii (1990) proposed a general approach to the solution of mixed problems
of elasticity and electroelasticity for a layer weakened by through-thickness tunnel-type inhomogeneities that
does not apply the Vorovich semi-inverse method. Fil’shtinskii and Kovalev (2002) employed this approach
for the solving skew-symmetric problem of electroelasticity for a piezoceramic layer weakened by a through-
thickness cut. Numerous studies of electroelasticity for piezoelectric cylinders have appeared dealing with prob-
lems such as bending (Chen et al., 1996; Heyliger, 1997). Various aspects of single-layered andmulti-layered pie-
zoelectric cylinders in the regime of three-dimensional piezoelasticity were studied and analyzed by Diang and
Chen (2001).
In this paper, a comprehensive investigation of conjugated electromechanical ﬁelds in the piezoceramic
inhomogeneous cylinders of ﬁnite length with sliding ﬁxed ends, free from electrostatic potential are consid-
ered. The corresponding boundary value of electroelasticity is reduced to a system of the singular integro-dif-
ferential equations which is solved by the numerical quadrature method. This analytical technique provides
general expressions that essentially simplify their subsequent analysis for solutions, This analytical technique
also helps to reduce the complexity of the original problem. For instance, the proposed analytical approach
reduces the dimensionality of the investigated problem by unity; a substantial reduction that would beneﬁt
numerical techniques, in particular the Finite Element Method.2. Problem statement and method of solution
Fig. 1 shows a hollow inhomogeneous piezoceramic cylinder of ﬁnite length h 6 x3 6 h. A cylindrical
inclusion of the same length has been is glued in, or sealed in without pre-tension. The cylinder and inclusion
are assumed to be made of diﬀerent piezoceramic materials.
The pre-polarization vector in the inhomogeneous piezoceramic cylinder is assumed to be coincident with
the positive direction of the Ox3-axis of the Cartesian coordinate system at any point. For this case, the direc-
trices of the cylindrical surfaces represent suﬃciently smooth closed contours Lj(j = 1,2). For the sake of def-
initeness, the contour L1 is a directrix contour of cylindrical surface that bounds the inhomogeneous cylinder
and the contour L2 is a direction contour of the junction surface between the hollow cylinder and the
inclusion.
Let a surface load (N,T,Z,Dn) be applied on the boundary of the inhomogeneous cylinder. The ends of the
cylinder are covered by short-closed electrodes, where N, T, and Z are normal and tangential components ofFig. 1. Inhomogeneous piezoceramic cylinder of ﬁnite length consisting of hollow piezoceramic cylinder with piezoceramic cylindrical
inclusion.
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ponents of the surface load can be expanded into the Fourier series in coordinate x3 on [h,h].
The governing system of equations determining the solution of the given problem (in the absence of body
forces and charges) consists of (Grinchenko et al., 1989):
– Equations of equilibrium (summation over repeated indices is implied)ojrij ¼ 0;
whereoi ¼ o=oxiði; j ¼ 1; 2; 3Þ; ð2:1Þ
Equations of electrostatics
divD ¼ 0; Ei ¼ oiu ði ¼ 1; 2; 3Þ; ð2:2Þ
Cauchy relations
eij ¼ 1
2
oiuj þ ojui
  ði; j ¼ 1; 2; 3Þ; ð2:3Þ
The equations of state (the relations connecting stress, strain, and electric ﬁeld) of the pre-polarized piez-
oceramics along the Ox3-axis direction
r11 ¼ c11e11 þ c12e22 þ c13e33  e31E3; s23 ¼ 2c44e23  e15E2;
r22 ¼ c12e11 þ c11e22 þ c13e33  e31E3; s13 ¼ 2c44e13  e15E1;
r33 ¼ c13 e11 þ e22ð Þ þ c33e33  e33E3; s12 ¼ c11  c12ð Þe12;
D1 ¼ eS11E1 þ 2e15e13; D2 ¼ eS11E2 þ 2e15e23;
D3 ¼ eS33E3 þ e31 e11 þ e22ð Þ þ e33e33;
ð2:4Þ
The system of Eqs. (2.1)–(2.4) is to be solved for the following prescribed boundary conditions on the ends of
the cylinder x3 = ±hu3ðx1; x2;hÞ ¼ r13ðx1; x2;hÞ ¼ r23 x1; x2;hð Þ ¼ uðx1; x2;hÞ ¼ 0; ð2:5Þ
and for the contact conditions on the interface of the mediums. The last equality in Eq. (2.5) represents a con-
dition on the short-closed electrodes that cover the cylinder ends.
In what follows, it is advantageous to use the system of equilibrium equations for the medium in terms of
the displacements. This system can be obtained from Eqs. (2.1)–(2.4). We haveVr2u1 þ c44o23u1 þ o1h ¼ 0; Vr2u2 þ c44o23u2 þ o2h ¼ 0;
c44r2u3 þ c33o23u3 þ o3 c o1u1 þ o2u2ð Þf g þ e15r2uþ e33o23u ¼ 0;
e11r2uþ e33o23u e15r2u3  e33o23u3  o3 e o1u1 þ o2u2ð Þf g ¼ 0;
ð2:6Þwherer2 ¼o21 þ o22; h ¼ U o1u1 þ o2u2ð Þ þ co3u3 þ eo3u;
U ¼ 1
2
c11 þ c12ð Þ; V ¼ 1
2
c11  c12ð Þ; c ¼ c13 þ c44; e ¼ e15 þ e31;At the middle surface of the cylinder, x3 = 0, we will seek a skew-symmetric solution to the system in Eqs.
(2.6).
Let us represent the components of the displacement vector and the potential in the formfu1; u2g ¼
X1
k¼0
fu1k; u2kg sin ckx3; fu3;ug ¼
X1
k¼0
fu3k;ukg cos ckx3; ð2:7Þ
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The relations (2.7) automatically satisfy the boundary conditions prescribed on the ends of the cylinder in
Eqs. (2.5). With regard to these relations, one can obtain from Eqs. (2.6) the followingV jku1k þ o1hk ¼ 0; V jku2k þ o2hk ¼ 0;
L13u3k þ L14uk þ
c
U
ckhk ¼ 0; L23u3k þ L24uk þ
e
U
ckhk ¼ 0;
ð2:8Þwherejk ¼r2  c2kl20; L13 ¼ c44r2  c2kd1; l20 ¼
c44
V
;
L14 ¼L23 ¼ e15r2  c2kd2; L24 ¼ c2kd3  e11r2;
hk ¼U o1u1k þ o2u2kð Þ  ckcu3k  ckeuk;
d1 ¼c33  c
2
U
; d2 ¼ e33  ceU ; d3 ¼ e33 þ
e2
U
;Integrating the system of Eqs. (2.8), we obtainu1k  iu2k ¼ 2
X3
m¼1
AðmÞk ozX
ðmÞ
k þ 2iozXð0Þk ;
u3k ¼
X3
m¼1
BðmÞk X
ðmÞ
k ; uk ¼
X3
m¼1
DðmÞk X
ðmÞ
k ; ðk ¼ 0; 1; 2; . . .Þ
ð2:9ÞwhereAðmÞk ¼
ckUp

4ðlmÞ
V ðl2m  l20Þ
; BðmÞk ¼ c2k d2l2m  d5
 
; DðmÞk ¼ c2k d4  d1l2m
 
; ðm ¼ 1; 3Þ
d4 ¼ d1c 
d2
e
; d5 ¼ d2c þ
d3
e
; d1 ¼ c44c 
e15
e
; d2 ¼ e15c þ
eS11
e
;
oz ¼ ooz ¼
1
2
o
ox1
 i o
ox2
 
; z ¼ x1 þ ix2The functions XðmÞk represent an arbitrary solution of the Helmholtz equa-
tionðr2  c2kl2mÞXðmÞk ¼ 0; ðm ¼ 0; 1; 2; 3Þ; where lm(m = 1,2,3) are roots of the bicubic equation (Fil’shtin-
skii, 1990). Later on, the index ‘‘1’’ will be assigned to quantities describing the state of stress and strain
for the hollow cylinder and the index ‘‘2’’-to the inclusion.
The desired metaharmonic functions that appear in Eqs. (2.9) will be sought in the formXðmÞ1k ¼
Z
L1
pðmÞ1k ðf1ÞK0 cklðmÞ1 r11
 
ds1 þ
Z
L2
~pðmÞ1k ðf2ÞK0 cklðmÞ1 r12
 
ds2;
XðmÞ2k ¼
Z
L2
pðmÞ2k f2ð ÞK0 cklðmÞ2 r22
 
ds2; ðm ¼ 0; 1; 2; 3Þ
ð2:10Þwherer11 ¼ f1  zð1Þ
 ; r12 ¼ f2  zð1Þ ; r22 ¼ f2  zð2Þ ;
zð1Þ ¼ x11 þ ix12; zð2Þ ¼ x21 þ ix22; f1 ¼ n11 þ in12 2 L1; f2 ¼ n21 þ in22 2 L2;
Kn(z) is the nth order Macdonald function, dsj is the arc element of the contour Lj (j = 1,2), p
ðmÞ
1k ðf1Þ, ~pðmÞ1k ðf2Þ,
pðmÞ2k ðf2Þ ðm ¼ 0; 1; 2; 3Þ are unknown densities, and pð3Þ1k ¼ pð2Þ1k , ~pð3Þ1k ¼ ~pð2Þ1k , pð3Þ2k ¼ pð2Þ2k .
Let us assume that the following expansions of the stress vector components and the normal components of
the electric induction vector are valid
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X1
k¼0
Nk; T kf g sin ckx3; Z;Dnf g ¼
X1
k¼0
Zk;D kð Þn
	 

cos ckx3; ð2:11ÞThe boundary conditions on L are presented in the complex form as followsr11 þ r22ð Þ  e2iw r22  r11 þ 2ir12ð Þ ¼ 2ðN iT Þ;
Re eiw r13 þ ir23ð Þ
	 
 ¼ Z; Dn ¼ 0; ð2:12Þwhere w is the angle between the outward normal to the surface of the inhomogeneous cylinder and the Ox1-
axis. The last equation of Eqs. (2.12) implies that the outer medium of the inhomogeneous cylinder is air. The
conjuction conditions on the interface of the cylinder and inclusion are of the formN 1  iT 1 ¼ N 2  iT 2; u11  iu21 ¼ u12  iu22;
u31 ¼ u32; Z1 ¼ Z2; E1s ¼ E2s; D1n ¼ D2n:
ð2:13ÞFrom Eqs. (2.2),(2.3),(2.4), (2.9), and (2.10),(2.11),(2.12), we obtain the following expressions for the stress
vector components, normal component of the electric induction vector, and the tangential component of
the electric strength vector2ðNk  iT kÞ ¼
X3
m¼1
SðmÞk X
ðmÞ
k þ r0
X3
m¼0
~AðmÞk o
2
zzX
ðmÞ
k ;
Zk ¼ Re eiw0
X3
m¼0
~BðmÞk ozX
ðmÞ
k
( )
;
DðkÞn ¼ Re eiw0
X3
m¼0
F ðmÞk ozX
ðmÞ
k
( )
; EðkÞs ¼ 2Re ieiw0
X3
m¼1
DðmÞk ozX
ðmÞ
k
( )
;
ð2:14Þwhere~Að0Þk ¼ 8iV ; ~Bð0Þk ¼ 2ic44ck; F ð0Þk ¼ ie15ck;
SðmÞk ¼ 2UAðmÞk lðmÞ2k  2c13ckBðmÞk  2e31ckDðmÞk ;
~AðmÞk ¼ 8VAðmÞk ; ~BðmÞk ¼ 2c44ckAðmÞk þ 2c44BðmÞk þ 2e15DðmÞk ;
F ðmÞk ¼ eS11DðmÞk þ e15BðmÞk þ e15ckAðmÞk ; ðm ¼ 1; 3Þ3. The system of integro-diﬀerential equations
Taking into account the representations in Eqs. (2.10) and the expressions in Eqs. (2.14) and implementing
passage to the limit onL1 and L2, the boundary value problem (2.12) and (2.13) is reduced to the following
system of twelve singular integro-diﬀerential equations (for each ﬁxed value of k)
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n¼0
qðnÞ1k g
ðnÞ
l1k þ
X2
j¼1
Z
Lj
qðnÞjk G
ðnÞ
ljk dsj
" #
¼ 0 ðl ¼ 1; 2Þ;
X3
n¼0
X2
j¼1
qðnÞjþ1;kgðnÞljk þ
Z
Lj
qðnÞjk G
ðnÞ
ljk dsj
 !

Z
L2
qðnÞ3k G
ðnÞ
l3k ds2
" #
¼ 0 ðl ¼ 3; 6Þ;
X3
n¼0
qðnÞ1k g
ðnÞ
7k þ ~gðnÞ7k
dqðnÞ1k
ds01
þ
X2
j¼1
Z
Lj
qðnÞjk G
ðnÞ
7jk dsj þ
Z
Lj
dqðnÞjk
dsj
~GðnÞ7jk dsj
 !" #
¼ N 1k  iT 1k;
X3
n¼0
X2
j¼1
qðnÞjþ1;kgðnÞ8jk  ~gðnÞ8jk
dqðnÞjþ1;k
ds02
þ
Z
Lj
qðnÞjk G
ðnÞ
8jk dsj þ
Z
Lj
dqðnÞjk
dsj
~GðnÞ8jk dsj
 !

" Z
L2
qðnÞ3k G
ðnÞ
83k ds2

Z
L2
dqðnÞ3k
ds2
~GðnÞ83k ds2
#
¼ 0;
X3
n¼1
X2
j¼1
Z
Lj
qðnÞjk G
ðnÞ
9jk dsj þ
Z
L2
qðnÞ3k G
ðnÞ
93k ds2
" #
¼ 0;
ð3:1ÞThe outside integral terms and kernels of the system of integro-diﬀerential equations, Eqs. (3.1), are given in
Appendix.
The unknown densities in Eqs. (3.1) are related to the densities in the integral representations in Eqs. (2.10)
by the following relations:qðnÞ1k ¼ pðnÞ1k ; qðnÞ2k ¼ ~pðnÞ1k ; qðnÞ3k ¼ pðnÞ2k ; ðn ¼ 0; 1Þ
pð2Þ1k ¼ qð2Þ1k þ iqð3Þ1k ; ~pð2Þ1k ¼ qð2Þ2k þ iqð3Þ2k ; pð2Þ2k ¼ qð2Þ3k þ iqð3Þ3k :4. Numerical results and discussion
As an example, let us consider an inhomogeneous piezoceramic cylinder whose components have been
manufactured as follows: the hollow cylinder-from the material PZT-4 and the inclusion-from the material
PXE-5. The directrices of cylindrical surfaces can be chosen in the form of an ellipse (circle):L1 : n11 ¼R11 cosu1; n12 ¼ R12 sinu1; 0 6 u1 6 2p;
L2 : n21 ¼R21 cosu2 þ d; n22 ¼ R22 sinu2; 0 6 u2 6 2p;or square with rounded oﬀ anglesL1 : n11 ¼ a1 cosu1 þ b cos 3u1ð Þ; n12 ¼ a1 sinu1  b sin 3u1ð Þ; 0 6 u1 6 2p; ð3:2Þ
L2 : n21 ¼ a2 cosu2 þ b cos 3u2ð Þ þ d; n22 ¼ a2 sinu2  b sin 3u2ð Þ; 0 6 u2 6 2p; ð3:3ÞCombinations of the above-mentioned geometries of the inclusion and hollow cylinder are also possible.
Let a load N1 = Px3(P = const) act on the surface of the inhomogeneous cylinder. In numerical implemen-
tation of the developed algorithm, the system of integro-diﬀerential equations was reduced to the system of
linear algebraic equations by the numerical quadrature method.
To characterize the state of stress on the interface of the materials, the following stress was calculatedrhh ¼ r11 sin2 hþ r22 cos2 h 2r12 cos h sin h ð4:1Þ
h = w  p as viewed from the side of the hollow cylinder and h = w as viewed from the side of the inclusion.
First, the system of the integro-diﬀerential equations (3.1) was solved, and then the Fourier coeﬃcients of the
stress tensor rðkÞij were determined. Finally, the unknown stresses on the interface of the materials from the
sides of the inclusion and from the side of the hollow cylinder were calculated.
Figs. 2–6 show the diagrams of the distribution of the relative circumferential stress rhh/P on the boundary
L2 (the interface of the material) for the circular ðR11 ¼ R12 ¼ 2Þ and elliptical inhomogeneous cylinder
ðR11 ¼ 2;R12 ¼ 1:5Þ from the side of the inclusion and from the side of the hollow cylinder:
Fig. 2. Diagrams of the distribution of the relative circumferential stresses over the thickness for circular inhomogeneous cylinder with the
inclusion having circular cross section.
Fig. 3. Diagrams of the distribution of the relative circumferential stresses along the contour for an elliptic inhomogeneous cylinder with
the inclusion having circular cross section.
Fig. 4. Diagrams of the distribution of the relative circumferential stresses along the contour for an elliptic inhomogeneous cylinder with
the inclusion having elliptic cross section.
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Fig. 5. Diagrams of the distribution of the relative circumferential stresses along the contour for an elliptic inhomogeneous cylinder with
the inclusion of square cross section from the side of the inclusion.
Fig. 6. The diagrams of the distribution of the relative circumferential stresses along the contour for elliptic inhomogeneous cylinder with
the inclusion of square cross section from the side of the hollow cylinder.
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(ii) along the contour of the directrix of the cylindrical surface.
The numerical results were obtained for various values of the cylinder length and for various geometry of the
cylinder and inclusion. In what follows, we refer to the results obtained by the proposed method as ‘‘approx-
imate’’, and the results of the axisymmetric problem obtained by the series method as ‘‘exact’’.
Fig. 2 shows the distribution diagrams for the relative circumferential stresses for a circular, inhomoge-
neous cylinder with an inclusion of circular cross section ðR21 ¼ R22 ¼ 1Þ at point u2 = 0 along the coordinate
x3/h. Curves 1 and 2 are constructed from the side of the inclusion for h = 2 and 4, respectively. Curves 2 and 4
are shown at the same point but from the side of the hollow cylinder. In this ﬁgure, the points show the results
of the exact solution for the corresponding axisymmetric problem.
Fig. 3 shows the distribution of the relative circumferential stresses along the directrix of the interface of the
materials for an elliptic, inhomogeneous cylinder with an inclusion having a circular cross section
(R21 = R22 = 1) for h = 2. Curves 1, 2, and 3 are shown from the side of the inclusion and they are constructed
for the values d = 0, 0.5, and 0.75, respectively. Curves 4, 5, and 6 are shown from the side of the hollow cyl-
inder for the values d = 0, 0.5, and 0.75, respectively. Curves 1–6 are shown at section x3 = 1.8.
The diagrams of the relative circumferential stress (rhh/P) distribution for an elliptical, inhomogeneous cyl-
inder with an inclusion of elliptical cross section ðR21 ¼ 0:5; R22 ¼ 1Þ for h = 2 are shown in Fig. 4. Curves 1,
6132 E.S. Ventsel et al. / International Journal of Solids and Structures 44 (2007) 6124–61342, and 3 are shown from the side of the inclusion for values d = 0, 0.5, and 0.75, respectively. Curves 4, 5, and 6
are shown from the side of the hollow cylinder for the same values of d. Curves 1–6 are shown at section
x3 = 1.8.
Figs. 5 and 6 illustrate the distribution of the relative circumferential stress (rhh/P) for an elliptical, inho-
mogeneous cylinder with an inclusion of square cross section (the square with rounded oﬀ angles a2 = 1,
b = 0.14306) for h = 2. Curves 1 and 2 are shown at section x3 = 1.8 from the side of the inclusion
(Fig. 5) and from the side of the cylinder (Fig. 6) for d = 0, 0.5, and 0.75, respectively.5. Conclusion
The following conclusions can be made from the conducted numerical investigation:
(1) The relative circumferential stress rhh/P grows from both sides of the inclusion and the hollow cylinder
as the length of the inhomogeneous cylinder increases.
(2) The magnitude of the relative circumferential stress rhh/P is higher from the side of the hollow cylinder
than from the side of the inclusion.
(3) If the inclusion is displaced to the boundary of the inhomogeneous cylinder, the relative circumferential
stress rhh/P grows from both sides of the inclusion and the hollow cylinder.
(4) For the inclusion of circular, elliptic, and square cross sections, the maximum value of the relative cir-
cumferential stress rhh/P takes on the maximum value at point u2 = p/2(3p/2) for d = 0 from both sides
of the inclusion and the hollow cylinder. If the inclusion is displaced above the mentioned geometries
(d > 0), the maximum value of the relative circumferential stress rhh/P shifts. This maximum is observed
for u2 < p/2(u2 < 3p/2). The actual value of u2 where the maximum of the relative circumferential stress
rhh/P will occur depends upon the geometry of the inhomogeneous cylinder, materials from which it is
manufactured, as well as upon the applied loading.
(5) Comparison of results obtained with the use of the developed procedure and the series method illustrates
a suﬃciently good convergence of the proposed algorithms and reliability of the numerical results based
on these algorithms. The deviation between the above-mentioned approximate and exact results was not
more than 2-%. This provides a way to apply the proposed procedure to the analysis of electrostatic state
of piezoceramic layer containing an inclusion made from another piezo ceramic material and weakened
by a through-thickness cut having suﬃciently arbitrary cross sectional geometry.Appendix. The outside integral terms and kernels of Eqs. (3.1)
n o n o
gðnÞ11k ¼ Re eiw01l4 w01ð Þ~BðnÞ1k ; gðnÞ21k ¼ Re eiw01l4 w01ð ÞF ðnÞ1k ;
gðnÞ3jk ¼ 2l4 w02ð ÞAðnÞjk ; gðnÞ4jk ¼ Re eiw02l4 w02ð Þ~BðnÞjk
n o
;
gðnÞ5jk ¼ Re eiw02l4 w02ð ÞF ðnÞjk
n o
; gðnÞ7k ; ~g
ðnÞ
7k
n o
¼ r01~AðnÞ1k l6 w01ð Þ; l5 w01ð Þf g;
gðnÞ8jk; ~g
ðnÞ
8jk
n o
¼ r02~AðnÞjk l6 w01ð Þ; l5 w01ð Þf g; n ¼ 0; 1ð Þ
gð2Þ11k ¼ Re eiw01l4 w01ð Þ ~Bð2Þ1k þ ~Bð3Þ1k
 n o
; gð3Þ11k ¼ Re ieiw01l4 w01ð Þ ~Bð2Þ1k  ~Bð3Þ1k
 n o
;
gð2Þ21k ¼ Re eiw01l4 w01ð Þ F ð2Þ1k þ F 3ð Þ1k
 n o
; gð3Þ21k ¼ Re ieiw01l4 w01ð Þ F ð2Þ1k  F 3ð Þ1k
 n o
;
gð2Þ7k ; ~g
ð2Þ
7k
n o
¼ r01 ~Að2Þ1k þ ~Að3Þ1k
 
l6 w01ð Þ; l5 w01ð Þf g;
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ð3Þ
7k
n o
¼ ir01 ~Að2Þ1k  ~Að3Þ1k
 
l6 w01ð Þ; l5 w01ð Þf g;
gð2Þ3jk ¼ 2l4 w02ð Þ Að2Þjk þ Að3Þjk
 
; gð2Þ4jk ¼ Re eiw02l4 w02ð Þ ~Bð2Þjk þ ~Bð3Þjk
 n o
;
gð3Þ3jk ¼ 2il4 w02ð Þ Að2Þjk  Að3Þjk
 
; gð3Þ4jk ¼ Re ieiw02l4 w02ð Þ ~Bð2Þjk  ~Bð3Þjk
 n o
;
gð2Þ5jk ¼ Re eiw02l4 w02ð Þ F ð2Þjk þ F 3ð Þjk
 n o
;
gð3Þ5jk ¼ Re ieiw02l4 w02ð Þ F ð2Þjk  F 3ð Þjk
 n o
;
gð1Þ6jk ¼ Re ieiw02l4 w02ð ÞD 1ð Þjk
n o
; gð2Þ6jk ¼ Re ieiw02l4 w02ð Þ Dð2Þjk þ D 3ð Þjk
 n o
;
gð3Þ6jk ¼ Re eiw02l4 w02ð Þ Dð2Þjk  Dð3Þjk
 n o
;
gð2Þ8jk; ~g
ð2Þ
8jk
n o
¼ r02 ~Að2Þjk þ ~Að3Þjk
 
l6 w01ð Þ; l5 w01ð Þf g;
gð3Þ8jk; ~g
ð3Þ
8jk
n o
¼ ir02 ~Að2Þjk  ~Að3Þjk
 
l6 w01ð Þ; l5 w01ð Þf g;
GðnÞ1jk ¼ Re eiw01 ~BðnÞ1k L6 lðnÞ1k rj10
 n o
; GðnÞ2jk ¼ Re eiw01F ðnÞ1k L6 lðnÞ1k rj10
 n o
; n ¼ 0; 1ð Þ
Gð2Þ1jk ¼ Re eiw01 ~Bð2Þ1k L6 lð2Þ1k rj10
 
þ ~Bð3Þ1k L6 lð3Þ1k rj10
  n o
;
Gð3Þ1jk ¼ Re ieiw01 ~Bð2Þ1k L6 lð2Þ1k rj10
 
 ~Bð3Þ1k L6 lð3Þ1k rj10
  n o
;
Gð2Þ2jk ¼ Re eiw01 F ð2Þ1k L6 lð2Þ1k rj10
 
þ F ð3Þ1k L6 lð3Þ1k rj10
  n o
;
Gð3Þ2jk ¼ Re ieiw01 F ð2Þ1k L6 lð2Þ1k rj10
 
 F ð3Þ1k L6 lð3Þ1k rj10
  n o
;
H ðnÞ3j ¼ 2AðnÞ1k L6 lðnÞ1k rj20
 
; H ðnÞ33 ¼ 2AðnÞ2k L6 lðnÞ2k r220
 
;
H ðnÞ4j ¼ eiw02 ~BðnÞ1k L6 lðnÞ1k rj20
 
; H ðnÞ43 ¼ eiw02 ~BðnÞ2k L6 lðnÞ2k r220
 
;
H ðnÞ5j ¼ eiw02F ðnÞ1k L6 lðnÞ1k rj20
 
; H ðnÞ53 ¼ eiw02F ðnÞ2k L6 lðnÞ2k r220
 
;
H ðnÞ7j ¼ r01~AðnÞ1k L7 lðnÞ1k rj10
 
þ SðnÞ1k K0 lðnÞ1k rj10
 
;
~H ðnÞ7j ¼ r01~AðnÞ1k L8 lðnÞ1k rj10
 
;
H ðnÞ8j ¼ r02~AðnÞ1k L7 lðnÞ1k rj20
 
þ SðnÞ1k K0 lðnÞ1k rj20
 
;
H ðnÞ83 ¼ r02~AðnÞ2k L7 lðnÞ2k r220
 
þ SðnÞ2k K0 lðnÞ2k r220
 
;
~H ðnÞ8j ¼ r02~AðnÞ1k L8 lðnÞ1k rj20
 
; ~H ðnÞ83 ¼ r02~AðnÞ2k L8 lðnÞ2k r220
 
; n ¼ 0; 3 
H ðnÞ6j ¼ ieiw02DðnÞ1k L6 lðnÞ1k rj20
 
; H ðnÞ9j ¼ BðnÞ1k K0 lðnÞ1k rj20
 
; ðj ¼ 1; 2Þ
H ðnÞ63 ¼ ieiw02DðnÞ2k L6 lðnÞ2k r220
 
; H ðnÞ93 ¼ BðnÞ2k K0 lðnÞ2k r220
 
; n ¼ 1; 3 
GðnÞltk ¼ H ðnÞlt ; Gð2Þltk ¼ Re H ð2Þlt þ H ð3Þlt
n o
; Gð3Þltk ¼ Re i H ð2Þlt  H ð3Þlt
 n o
; l ¼ 4; 6 ;
GðnÞltk ¼ H ðnÞlt ; Gð2Þltk ¼ H ð2Þlt þ H ð3Þlt ; Gð3Þltk ¼ i H ð2Þlt  H ð3Þlt
 
; l ¼ 3; 7; 9 
~GðnÞltk ¼ ~H ðnÞlt ; ~Gð2Þltk ¼ ~H ð2Þlt þ ~H ð3Þlt ; ~Gð3Þltk ¼ i ~H ð2Þlt  ~H ð3Þlt
 
; t ¼ 1; 3  l ¼ 7; 8ð Þ
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peiw0
2
; l5 w0ð Þ ¼ 
pie2iw0
2
; l6 w0ð Þ ¼ 
pe2iw0~k0
2
; ðn ¼ 0; 1Þ
L6ðcrÞ ¼  c
2
eia0K1ðcrÞ; L7 crð Þ ¼ c
2
4
e2ia0K2 crð Þ 
eiw~k
2 1 10ð Þ
;
L8 ¼  ie
iw
2 1 10ð Þ
; ~k0 ¼ dw0
ds0
; ~k ¼ dw
ds
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